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@ Attention-based models, in
particular Transformers, have
achieved state of the art
performance across a wide range
of learning tasks.
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Problem statement

@ Given i.i.d. tokens drawn from
X ~ N (0, 1),
we consider the PCA problem, i.e., identify the leading

eigenpairs (eigenvectors/eigenvalues) of the covariance matrix
2.

%8 -6 -4 -2 0 2 4 6 8 10

@ Clasical tools: Power iteration, SVD, Oja’s rule.
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Problem statement

@ Given i.i.d. tokens drawn from
XZ ~ N(0> Z)v

we consider the PCA problem, which corresponds to identify
the leading eigenpairs (eigenvectors/eigenvalues) of the
covariance matrix X.

S8 6 -4 -2 0 2 4 6 8 10

@ Our goal is to theoretically prove the retrieval of the
leading eigenpair using simplified attention mechanisms in

an unsupervised setting. 6/30
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e Consider the data matrix X = (Xq,..., X )" € REX9, the
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Problem statement

e Consider the data matrix X = (Xq,..., X )" € REX9, the
attention formula becomes

Att(XQ, XK, X V) = softmax (XQKTXT> XV,

where Q, K,V € RY%P are called query, key and value
matrices, and the softmax is applied row-wise.

@ Our proposed simplified attention head drops the value matrix
and consider p =1, with K = Q = p € RY, therefore

L
T/ (X), = Z softmax(AX," " X ) X
k=1

e Goal to keep in mind: Define risk R : R — R, s.t.
pw* = min, R(T}") aligns with the principal eigenvector of ¥.
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Measure-based formalism

L
T/(X)e = Z softmax(AX," o Xi) X
k=1
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L
T/(X)e = Z softmax(AX," o Xi) X
k=1
A self-attention layer with attention parameter y can be seen as an
operator acting on measures:

T P(RT) x RY — RY,
 Jgaexp(Az"up' 2')2 du(2')
— Jpaexp(AzTppT2') du(2')

When the prompt X = (Xi,...,X.)" is encoded by its empirical

measure
L
R 1
bL=7 5 0x,,
=1

one retrieves the softmax attention formula, i.e.,

(v, 2) = TMV](2)

TM D) (Xe) = THX),
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Measure-based formalism

T P(RY) x RY — R,

sexp(\z T un 22 du(Z
(v,2) = TH(2) = fid ]

Let ) = %25:1 dx,, when the prompt length grows, the attention
operator converges to its infinite-prompt counterpart, i.e.,

M) 2 THIVE.E)E),

We can show that TM#[N(0,X)](z) = AZup ' z. Thus

THX)p 22 TE(Xe) i= AZpp X
L—o0
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@ Introduction and problem statement
© Softmax attention performs PCA
© Linear attention also performs PCA

@ ICL Risk with Spiked Wishart Prior

10/30



Risk functions

We study the minimization of the two following risk functions:
Finite-prompt risk.
Ri(p) = E[|1X1 — T/ (X)l],
L

T/(X); = Zsoftmax()\XlT,uuTXk) Xk
k=1

Infinite-prompt risk.

Roo(p) = E[||I X1 — TE(X)|1?],
TL(X) = AZpp X1
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Risk functions

We study the minimization of the two following risk functions:
Finite-prompt risk.

Ri(p) =E[|1X:1 — T{(X)a)?],
L
T/(X); = Zsoftmax()\XlT,uuTXk) Xk-
k=1

Infinite-prompt risk.

Roo(p) = E[||I X1 — TE(X)|1?],
TL(X) = AZpp X1

Strategy.
@ R admits a closed-form expression, derive analysis here (1
aligns with the principal eigenvector).
@ R, is an empirical approximation of R.
@ Transfer results from R, to R;.
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Landscape of infinite prompt risk

min Roo (i) = E[|| X1 — XZpp Xa||?],
HERM

we have that
E[[|1Xe = AL Xa|?] = te(2) = 2A(n" 22p) + X2 (u " Zpa) (" 22 p0).
Proposition

Let (o;, u,-)j?':1 be the eigenpairs of ¥ such that o1 > ... > 0g4.
Then

o crit(Roo) = {0} U {*ajuij}i=1,. 4 for some aj > 0.

12 /30




Landscape of infinite prompt risk

min Roo (i) = E[|| X1 — XZpp Xa||?],
HERM

we have that
E[|| X1 = AZpp" X1 )] = tr(T) =2\ 22p) + X2 (1" Zp) (1 22 1),
Proposition

Let (o;, u,-)j?':1 be the eigenpairs of ¥ such that o1 > ... > 0g4.
Then

o crit(Roo) = {0} U {*ajuij}i=1,. 4 for some aj > 0.
@ 0 /s a local maximum.
@ +qju; fori=2,...,d is a strict saddle point.

@ *taquy is a local minimum.

12/30



Landscape of infinite prompt risk

min Roo (i) = E[|| X1 — XZpp Xa||?],
HERM

we have that
E[|| X1 = AZpp" X1 )] = tr(T) =2\ 22p) + X2 (1" Zp) (1 22 1),

Proposition

Let (o;, u,-)j?':1 be the eigenpairs of ¥ such that o1 > ... > 0g4.
Then

o crit(Roo) = {0} U {*ajuij}i=1,. 4 for some aj > 0.
@ 0 /s a local maximum.

@ tajuj fori =2,...,d is a strict saddle point.

@ *taquy is a local minimum.

e Coercivity implies +ayuy is a global minimum.

12/30



Landscape of infinite prompt risk

min Roo (i) = E[|| X1 — XZpp Xa||?],
HERM

we have that
E[|| X1 = AZpp" X1 )] = tr(T) =2\ 22p) + X2 (1" Zp) (1 22 1),
Proposition

Let (o;, u,-)j?':1 be the eigenpairs of ¥ such that o1 > ... > 0g4.
Then

o crit(Roo) = {0} U {*ajuij}i=1,. 4 for some aj > 0.
0 is a local maximum.

daju; fori =2,...,d is a strict saddle point.
+aquy is a local minimum.

Coercivity implies o uy is a global minimum.

Gradient flow on R, with generic initalization converges to

its global minimum. 12/30



Visualization

Gradient descent dynamics projected onto the PCA plane
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Brief detour: Connection to Oja’s flow
Gradient flow on
Roo(pt) = tr(X) — 2\ " T2p) + N (p " Tp)(p " 2p), give us

fo=ANT2p — 2N [( T 2 ) S+ (T ) 22 0],
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Brief detour: Connection to Oja’s flow
Gradient flow on
Roo(pt) = tr(X) — 2\ " T2p) + N (p " Tp)(p " 2p), give us

fr= M2 = 2N [(n" 2 p) T + (0 T ) £,
Introducing the change of variables w = Z%u, we get
w =X [A(w)Zw—B (w'Zw) wl, A(w) :=2X2-X w'w), B:=2)2
It can be viewed as a variant of Oja’s flow,

W=Tw— (v Zw)w,

known continuous-time model for extracting the principal
eigenvector of X. Its discrete counterpart, called Oja’s rule, is a
stochastic online algorithm to do so.
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Concentration bounds: finite prompt vs infinite prompt

Proposition

We have that for k € {0, 1,2},

sup E|| D T'(X)1 — DA TL(X)7| = O((L)),
reB(0,p)

with (L) = L=8(1 +In L)}=¢, for some 0 < ¢ < 1.
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Concentration bounds: finite prompt vs infinite prompt

Proposition
We have that for k € {0, 1,2},

sup E|| D T'(X)1 — DA TL(X)7| = O((L)),
reB(0,p)

with (L) = L=8(1 + In L)1=¢, for some 0 < & < 1.Then for
k €{0,1,2},

sup  [[VFRe(1) — VERoo(m)lF = O(%(L)).
neB(0,p)

In particular for k € {0,1,2},

VFRL 7 VKReo  uniformly on B(0, p).
—00
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Landscape of finite prompt risk

. _ _TH 2
min Ra(y) =E[|IX — T/(X1))?],

where T/'(X1) = Sk _; softmax(AX; o Xi) X

Proposition

Let (o, u,-)f-’:1 be the eigenpairs of ¥ such that o1 > ..

Then for p > 0 and L > 0 large enough
o crit(Ry) N B(0, p) = {uf ot U{EH] 5, }i=1,..d-

. > 04.
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where T/'(X1) = Sk _; softmax(AX; o Xi) X
Proposition

Let (o, u,-)f-’:1 be the eigenpairs of ¥ such that o1 > ... > oy4.
Then for p > 0 and L > 0 large enough

o crit(Ry) N B0, p) = {40} ULty }ict,..d-
® /] o Is a local maximum, and pj , — 0.
J W L—o0

® Ly, fori=2,....d is a strict saddle point, and
Wi, — «ajuj for some o > 0.
L —o00

° iuzm is a local minimum, and ,ufm L_—>>OO aiuq.
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Landscape of finite prompt risk

. _ _TH 2
MnéllRﬂdRL(M) =E[|X1 - T/(X1)[?],

where T/'(X1) = Sk _; softmax(AX; o Xi) X
Proposition

Let (o, u,-)j-j:1 be the eigenpairs of ¥ such that o1 > ... > oy4.
Then for p > 0 and L > 0 large enough

crit(Re) N B(0, p) = {p] o} U{Eni ,, ti=1,...d-
W o is a local maximum, and pj , — 0.
b ™ L—o0

+puj . fori=2,....d is a strict saddle point, and
Wi, — «ajuj for some o > 0.
L —o00

. . N
iuLm is a local minimum, and BT oy L_—>>OO aqUy.

Gradient flow on R with generic initalization on B(0, p)
converges to i} o, Which asymptotically aligns with u;.

V
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Sketch of the proof

Lemma (Persistence of nondegenerate critical points)

Let f € C?(RY) and let x* be a nondegenerate critical point
Assume f, — f in CI%C Then for large enough n:

© There exists a unique critical point x; of f, near x*

@ x; — x* and x}; is nondegenerate.

Q Ifcrit(f) = {xM), ..., xMY are all nondegenerate, then for
p, n large enough,

crit(f,) N B(0, p) = {x3”, ..., xV},

-+ Xn

and the type (minimum / saddle) is preserved.
Sketch of the argument: Define
Hy(t,x) = (1 — t)VF(x) + tVi(x).

Since DyH,, is unif. invertible around x*, the IFT gives a path

xn(t) with Hy(t, x,(t)) = 0, xn(0) = x*. Set x} := x»(1).
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Numerical results

We run GD on R« and SGD on R, (L = 100), we plot iterations
vs abs. cosine similarity,
(a2
—, Uy ).
i

GD (infinite) vs SGD (finite): convergence to *u;
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Distribution of the encodings

Setup. Let X; ~ N(0,X) and define T4 (X1) = AXpuu' X1.

Distribution.

TE(X1) ~N(0,T(k), T(1) = N(n"Zp) (Zp)(Zp)
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Setup. Let X; ~ N(0,X) and define T4 (X1) = AXpuu' X1.
Distribution.

TE(X1) ~N(0,T(k), T(1) = N(n"Zp) (Zp)(Zp)

At the optimum. Let y* = aju;, with (o1, u1) the principal
eigenpair.
TéLO (Xl) ~ N(0,0’lulu;)

@ Recovers the law of the PCA projection, (X, u1)u;, optimal
rank-1 reconstruction of X ~ N(0, ).

Finite vs infinite prompt.
WE(L(T}), L(TE)) = O(L (L +InL)'7¢).

e At the optimum p* = ajug:
W22 <£(T[‘*), ,C(ng*)) = O(L—1/145(1 +1n L)144/145)
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Linear attention

Let X1,..., X, i.i.d. N(0,X), we introduce the linear attention
operator

\ >

L
hn,,u, T
=7 kE (X, ™ Xie) X

By the Strong Law of Large Numbers,

TEMH () 2 TR(X) = XS X, as.
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By the Strong Law of Large Numbers,
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Linear attention

Let X1,..., X, i.i.d. N(0,X), we introduce the linear attention
operator

hn,,u,

l\\y

L

Z X/ gt X)X

k=

By the Strong Law of Large Numbers,

Thnr(x), 25y Tooftn(X,) = AZpp' X, as..
L—o0
In the infinite-prompt limit, minimizing the risk
Rin (1) = B[[[ X2 — T, (X)1]?].

retrieves the principal eigenvector of ¥.

In this linear setting, this is also the case for any finite prompt.
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Landscape of linear attention risk

min Ryno (1) = E[| X1 — T)™(X)1]|?],  where
ueRr

Bl — TG0 = r(E) - (D) Ep) - 2 ()
2
M G fﬁ“ 3 (T (52,

Proposition

Let (o;, u;)j?':1 be the eigenpairs of ¥ such that o1 > ... > og4.
Then
o crit(Riin,r) = {0} U{£ajui}i=1,. 4 for some aj > 0.
@ 0 is a local maximum.
@ tajuj fori=2,...,d is a strict saddle point.

@ fay uy is a global minimum.
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min Ryno (1) = E[| X1 — T)™(X)1]|?],  where
ueRr

Bl — TG0 = r(E) - (D) Ep) - 2 ()
2
M G fﬁ“ 3 (T (52,

Proposition

Let (o;, u;)j?':1 be the eigenpairs of ¥ such that o1 > ... > og4.
Then
o Crit(Rlin’L) = {0} U {iai,LUi}i:I,...,d for some Q| > 0.

@ 0 is a local maximum.
@ tajuj fori=2,...,d is a strict saddle point.
@ fay uy is a global minimum.

@ Gradient flow on Ry, with generic initalization converges to

its global minimum.
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Numerical results: linear risk

We run GD on Ry, 1, we plot iterations vs abs. cosine similarity,
(T )]
— U1 ).
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Summary of Results

Infinite-Prompt
Softmax Risk

@ Performs PCA

AsL - o AsL - o

(2] ©

Finite-Prompt Finite-Prompt
Softmax Risk Linear Risk

@

Performs approximate @/ Performs PCA for
PCA for large enough L any prompt length L
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ICL Risk with Spiked Wishart Prior

Recall infinite prompt softmax risk.
RED (1) = () = 22 220+ N2 (1T ) (1 E2p)

soft, 00

ICL infinite prompt risk (random covariance).

RIS (1) = Exp[RE) (1) ]
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ICL Risk with Spiked Wishart Prior

Recall infinite prompt softmax risk.

RE) (1) = tr(X) — 221 220 + A2 (1 ) (1T 22p)

soft, 00

ICL infinite prompt risk (random covariance).
by
RICH (1) = Bxn [RE) (1) ]
Model D: Spiked Wishart prior
T~ Wy(V,n) =T =) XX, Xi~N(0,V).

i=1
V=l4+0w', |v|=1

@ Interpolates between isotropic case (6§ = 0) and structured
signal (6 > 0).
@ Introduces a latent direction v

o Goal: Does gradient flow on RICT recover v?

26 /30



ICL Risk landscape

Proposition (Informal version)

.. . b

The critical points of RIS (1) = Esw,(e1y+0wT n) [Rgof)t,oo('u’)]
are 0, which is a local maximum; 2(d — 1) strict saddle points
corresponding to directions orthogonal to v; and +a*v, for some

a* > 0, which are global minimizers.

o Gradient flow on RICT with generic initialization will recover
the signal direction v.

@ Similar arguments as before let us obtain that gradient flow

by .
on RICX(1) = Ex ezt 100 m) [Rog ()] will converge
to some pj such that p] L—> +a*v.
—00

27/30



We run GD on RICT and SGD on ’RILCL, we plot iterations vs abs.

cosine similarity,
’< uk ’ V>)'
[ ekl

ICL: GD (infinite) vs SGD (finite) — alignment to v
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Conclusion

@ Attention based mechanisms can recover PCA structures.

@ In the infinite-prompt regime, gradient dynamics align with
the principal eigenvector and connect to Oja’s flow.
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Conclusion

@ Attention based mechanisms can recover PCA structures.

@ In the infinite-prompt regime, gradient dynamics align with
the principal eigenvector and connect to Oja’s flow.

@ Finite-prompt landscapes converge to the infinite-prompt limit
as the context length grows.

@ The learned encodings recover the optimal rank-one PCA
projection in distribution.

@ The framework also extends to linear attention and spiked
Wishart in-context learning settings.
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Thanks for your attention!
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